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Abstract. We show that cohomology of the variational complex in the field-antifield BRST 
theory on an arbitrary manifold is equal to the de Rham cohomology of this manifold. 

1 Introduction 

In the field-antifield BRST theory, the antibracket and the BRST operator are defined by 
means of the variational operator (see, e.g., JT^)- To introduce this variational operator 
in a rigorous algebraic way, one can replace the calculus in functionals with the calculus 
in jets of fields and antifields, and can construct the variational complex 0, |ll|. Fur- 



thermore, one has proved that the variational complex in BRST theory on a contractible 



manifold M"^ is exact [Ty, |TT|, |T3[ . This means that the kernel of the variational operator 
5 coincides with the image of the horizontal (or total) differential dn- Therefore, main 
objects in the field-antifield BRST theory on R" are defined modulo (i/^-exact forms. Let 
us mention, e.g., the local BRST cohomology. 

Here, the variational complex in the field-antifield BRST theory on an arbitrary 
smooth manifold X is studied; that requires a (global) differential geometric definition of 
ghosts, antifields, and their jets. We show that cohomology of this variational complex 
equals the de Rham cohomology of X. In other words, the obstruction to the exactness 
of the variational complex in BRST theory lies only in closed non-exact forms on X. This 
fact enables one to generalize many constructions of the field-antifield BRST theory on 

to that on an arbitrary manifold X. In particular, global descent equations on X can 



be defined [0]. 



For the sake of simplicity, we will consider the case of even physical fields and even 
irreducible gauge transformations with a finite number of generators. Then ghosts are 
odd, and antifields are odd and even. For instance, this is the case of the Yang-Mills 
theory. One says that physical fields, ghosts and antifields constitute a physical basis. 

We start from cohomology of the variational complex of even classical fields. Coho- 
mology of the variational complex in BRST theory is studied in a similar way. 
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2 The variational complex of classical fields 



In classical field theory, fields are represented by sections of a smooth fibre bundle Y ^ X. 
Put further dimX = n. 

Remark. Smooth manifolds throughout are real, finite-dimensional, Hausdorff, second- 
countable (i.e., paracompact), and connected. The standard notation of jet formalism is 
utilized (see, e.g., [0, ^). We follow the terminology of |jl2|, |T^, where a sheaf 5 is a 



particular topological bundle and T{S) denotes the group of global sections of 5*. 

The configuration space of Lagrangian formalism on a fibre bundle Y ^ X is the 
infinite order jet space J°°Y of Y ^ X. It is defined as a projective limit of the inverse 
system 

X ^Y ^ — r-^Y"^rY< (1) 

of finite order jet manifolds J^Y of Y X, where 'n'l_^ are affine bundles. One can say 
that J°°Y consists of the equivalence classes of sections of Y X identified by their 
Taylor series at points of X. Endowed with the projective limit topology, the ionfinite 



order jet space J^Y is a paracompact Frechet manifold ^7j. A bundle coordinate atlas 
{Uy, {x^, y*)} of F — > X yields the manifold coordinate atlas 

{in^r\Uy),{x\y\)}, 0<|A|, 

of J°°Y, together with the transition functions 

y'l^A = ^.d,yl (2) 
where A = (A^ . . . Ai), A + A = (AA^ . . . Ai) are multi-indices and 

dx = d,+ Y: y\+Kdt 

|A|>0 

is the total derivative. 

Let us introduce the differential calculus on J^Y . With the inverse system (|T]), one 
has the direct system 

o*{x) ^■■■c;^--- 

of differential algebras O* of exterior forms on finite order jet manifolds J' Y , where vr^* ^ 
are the pull-back monomorphisms. The direct limit of this direct system is the differential 
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algebra O^^ which consists of all exterior forms on finite order jet manifolds modulo the 
pull-back identification. In particular, is the ring of the pull-back onto J°°Y of smooth 
real functions on finite order jet manifolds. 

For short, we agree to call elements of O^^ the exterior forms on J°°Y. Of course, these 
forms are of bounded jet order. Restricted to a coordinate chart of J'^Y, 

they can be written in a coordinate form, where horizontal forms {dx^} and contact 1- 
forms {9\ = dy\ — y\^j^dx'^}, together with the constant function 1, constitute the set of 
generators of the O^-algebra O^. There is the canonical splitting 

0*00 = ® C*^', < fc, 0<s<n, 

k,s 

of into (9^-modules of fc-contact and s-horizontal forms, together with the 
corresponding projections 

Accordingly, the exterior differential on O*^ is decomposed into the sum d = dn + dy oi 
horizontal and vertical differentials 

dn ohk = hko dohk, dH{(p) = dx^ A dx{(p), 

dyoh' = h'odo h', dv{(j)) = 91 A d^(f), (f) G O*^. 

Lagrangians, Euler-Lagrange operators, and other objects of a familiar Lagrangian 
field theory are elements of the differential algebra (9^. They can be introduced in an 
algebraic way by constructing the variational complex of the algebra O^. 

The M-module endomorphism 

T = ^ ir o /ifc o /i", 
fc>o 

r(0) = (-1)1^1^^^ A mdtm, <| A I, e 0>°'", 

of (9^ is defined (see, e.g., P, ^). It is a projector, i.e., r o r = r, and obeys the 
relations 

T o dn = 0, TodoT — Tod = 0. (3) 

Put Ek = t{0^). The variational operator on is defined as the morphism 5 = rod. 
It is nilpotent, and has the property 

6oT-Tod = Q. (4) 
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Since the operators du and 5 are nilpotent, and the relations (^) hold, we have the complex 



called the variational complex. Elements of its term are Lagrangians, while those 
of El are Euler-Lagrange operators. There are the well-known statements summarized 
usually as the algebraic Poincare lemma (see, e.g., |29(|). 



Lemma 1. If Y is a contractible fibre bundle M*^"^™ — > M", the variational complex ([^ 
is exact. 

To obtain cohomology of the variational complex in the case of an arbitrary smooth 
fibre bundle F ^ X, let us enlarge the differential algebra as follows |T6|. 

Let T* be the sheaf of germs of exterior forms on J°°Y and r(X^) the differential 
algebra of its global sections. One can say that the algebra T{%1^) consists of exterior 
forms on J°°Y which coincide locally (i.e., around each point of J°°Y) with the pull-back 
of exterior forms on finite-order jet manifolds. In particular, r(T^) is the ring of real 
functions on J°°Y such that, given / G r(Tj^) and any point q G J°°Y, there exists a 
neighborhood of q where / coincides with the pull-back of a smooth function on some 
finite order jet manifold. There is the natural monomorphism (9^ — > r(X^). 

Note that, in comparison with C^, the jet order of elements of r(T^) need not be 
bounded. Therefore, the algebra T(%^) has a limited physical application. We involve 
it because the paracompact space J'^Y admits a partition of unity by elements of the 
ring r(T[|^) ||2^. It follows that the sheaves of r(Xj^)-modules on J'^Y are fine and. 



consequently, acyclic. Therefore, the abstract de Rham theorem ||T8[ can be called into 
play in order to obtain cohomology of the differential algebra r(T^). Then one proves 
that the algebras and r(T^) have the same cohomology. 

Since r and 6 on (9^ are pointwise operators, their direct limits are defined on the 
sheaf and possess the properties (|^) and (|^). Then we have the variational complex 
of sheaves 

O^R^ll ^Xj^i (6) 
and the corresponding complex of differential algebras of their global sections 

^ M ^ r(T^) ^ r(T^i) ^ . . . ^ r(T^") ^ r(Si) ^ ■ ■ ■ . (7) 

By virtue of the Lemma |l], the variational complex (^ is exact. The sheaves X'^'™ in 
this complex are sheaves of r(T^)-modules and, consequently, are fine. One can prove 
that the sheaves 6^, being projections t(T^") of sheaves of r(T^)-modules, are also fine 
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T5|, IIH]. Consequently, the variational complex (R) is the fine resolution of the constant 



sheaf M on J°°Y . Then we come to the following. 

Proposition 2. Cohomology of the complex (0) equals the de Rham cohomology of the 
fibre bundle Y . 



Proof. By virtue of the above mentioned abstract de Rham theorem |T^, there is an 
isomorphism between the cohomology of the complex (|^) and the cohomology H*{J'^Y, M) 
of the paracompact space J°°Y with coefficients in the constant sheaf M. Since F is a 
strong deformation retract of J'^Y p|, the cohomology H*{J°°Y,'R) is isomorphic to the 
cohomology H*{Y, M) of Y with coefficients in the constant sheaf M [|12| and, consequently, 
to the de Rham cohomology H*{Y) of Y. □ 

Proposition (|]) recovers the results of 0, but we also note the following. Let us 
consider the de Rham complex of sheaves 

^ Tj^ (8) 



on J°°Y and the corresponding complex of differential algebras 

O^R^Ti%l) ^r(TL) (9) 

The complex (H) is exact due to the Poincare lemma, and is a fine resolution of the 
constant sheaf M on J'^Y. Then, similarly to Proposition ^, we obtain that the de Rham 
cohomology of the differential algebra r(Tj^) is isomorphic to that H*{Y) of the fibre 
bundle Y. It follows that every closed form (p G r(1'^) is split into the sum 

a = ^ + d^, ^eTi%*J, (10) 

where is a closed form on the fibre bundle Y. 

The relation (Q) for r and the relation hod = dnho for ho define a homomorphisms of 
the de Rham complex of the algebra r('Xj^) to its variational complex (^, and the 
corresponding homomorphism of their cohomology groups is an isomorphism. Then, the 
splitting (|10D leads to the following decompositions. 

Proposition 3. Any dn-closed form a G r(T°''™), m < n, is represented by the sum 

a = ho^ + dH^, eer(T:^™~i), (11) 

where ip is a closed m-form on Y. Any 6-closed form a G r(T'^'"'), k > 0, is split into 

a = hoy^ + dH^, k = o, eer(T^'"-i), (12) 

a = r{^)+6{0, k = l, eGr(rr), (13) 

a = Ti^) + 6{0, k>i, eer(e,_i), (14) 
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where (p is a closed n + k- for in on Y. 

Let us now return to the differential algebra (9^. The following is proved |T^. 
Proposition 4. The differential algebra O*^ has the same d-, d^- and 6-cohoniology as 

It follows that cohomology of the variational complex (|^) of the algebra is equal 
to the de Rham cohomology of the fibre bundle Y. Furthermore, if a in decompositions 
(0) - dH) is an element of C T{1*^), then ^ is so. 

In quantum field theory, all physical fields are linear or affine quantities. Therefore, 
let y — i> X is an affine bundle. Then X is a strong deformation retract of Y and the de 
Rham cohomology of Y is equal to that of X. In this case, cohomology of the variational 
complex d^) equals to the de Rham cohomology of the base manifold X. Hence, every 
(ij:i-closed form G O^"^^" is split into the sum 

cf> = ^ + dH^, eec^r-', (15) 

where 9? is a closed form on X. Any 5-closed form a G O^'"' is split into 

a = ^ + dH^, (16) 
where (/? is a non-exact n-form on X. 



3 Differential geometry of ghosts 

Different geometric models of odd ghosts have been suggested. For instance, a ghost field 
in the Yang-Mills theory on a principal bundle has been described as the Maurer-Cartan 
form on the gauge group (see, e.g., |2^). This description however is not extended 

to other gauge theories and to other odd elements of the physical basis. We provide the 



following geometric model of odd fields on a smooth manifold X [^, p5[] . 

Let Y —>■ X he a vector bundle with an m-dimensional typical fibre V and Y* ^ X 
the dual of Y. We consider the exterior bundle 

AY* = M©( © AY*), (17) 

X k=l 

whose typical fibre is the finitely generated Grassmann algebra AV^*. Sections of the 
exterior bundle (|T7|) are called graded functions. Let Ay denote the sheaf of germs of 
graded functions on X. The pair {X,Ay) is a graded manifold with the body manifold 
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X and the structure sheaf Ay 0, 0- We agree to call it a simple graded manifold with 
the characteristic vector bundle Y. Note that any graded manifold (X, A) is isomorphic 
to some simple graded manifold, but this isomorphism fails to be canonical ||^, |^. 

Given a bundle atlas {{U]x^,y"')} of Y with transition functions y'"' = p^{x)y^, let 
{c"'} be the corresponding fibre bases for Y* X, together with the transition functions 
c'" = p^(x)c^. We will call (x^, c'*) the local basis for the simple graded manifold {X, Ay)- 
With respect to this basis, graded functions read 



k=0 



f = V — f ■ ■ ■ 0°*= 



where fai-'-at s-^^^ local smooth real functions on U, and we omit the symbol of the exterior 
product of coframes c. 

In BRST theory, the basis elements c* of a simple graded manifold can describe odd 
ghosts. For instance, in the Yang-Mills theory on a principal bundle P — > X with the 
structure group G, the above bundle Y is the Lie algebra bundle VgP = VP/G, where 
VP denotes the vertical tangent bundle of P. The typical fibre of VgP is the right Lie 
algebra g of the group G. If X is a compact manifold and G is a semisimple matrix Lie 
group, the Sobolev completion of the set of sections of VqP — X is the Lie algebra of 
the gauge group. The typical fibre of the dual VqP of VqP is the coalgebra g*. Let {Sr} 
be a basis for g, {e^} the corresponding fibre bases for VqP, and {C""} the dual coframes 
in VqP. Elements C" of these coframes play the role of ghosts in the BRST extension of 
the Yang-Mills theory. Indeed, the canonical section C = ® e,. of the tensor product 
VqP (8) VqP is the above mentioned Maurer-Cartan form on the gauge group which one 
regards as a ghost field. In the heuristic formulation of BRST theory, C plays the role of 
a generator of gauge transformations with odd parameters, i.e., is the BRST operator. 

Let dAy be the sheaf of graded derivations of the sheaf Ay. Its sections are called 
graded vector fields on the graded manifold {X,Ay) (or, simply, on X). Any graded 
vector field u on an open subset U C X is a graded derivation of the graded algebra 
T{U,Ay) of local graded functions on U, i.e., 

uifn = u{f)f'+{-ip^f^Mn, fj' E nu,Ay), 

where [.] denotes the Grassmann parity. The dAy is a sheaf of Lie superalgebras with 
respect to the bracket 
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Graded vector fields on a simple graded manifold can be seen as sections of a vector 
bundle as follows. Due to the canonical splitting VY = Y xY, the vertical tangent bundle 
VY ^ Y oi Y ^ X can be provided with the fibre bases {d/dc"'}, dual of {c"}. These 
are the fibre basis for PY2VY = Y. Then a graded vector field on a trivialization domain 
U reads 

where u^^u"" are local graded functions |P, |22|. It yields a derivation of V{U,Ay) by the 
rule 

U{fa...l>c'' ■ ■ ■ C") = u''d^{fa...bV " " " + w'/a...fc^J {c" ' ' ' c"). (19) 

This rule implies the corresponding coordinate transformation law 



of graded vector fields. It follows that graded vector fields ( |T8|) can be represented by 
sections of the vector bundle Vy — * X which is locally isomorphic to the vector bundle 

Vy \u^ ^Y*®{vI2VY®TX) 

X X 

and has the bundle coordinates [x^^ vl_^ j^J, k = 0, . . . ,m, together with the transition 
functions 

r'^ = n-l"! . . . n-l"'=T^ 
•^ti...ik r ti H ifc ■^ai...as,' 



/i — 161 ~lbk 



There is the exact sequence 



A;' 



^ AF* ® pr^V^r ^ Vy ^ AY* ® TX 

X X 



of vector bundles over X. Its splitting 



^■.x'd,^x'{dx + rx^) (20) 



transforms every vector field r on X into the graded vector field 



r = r'd^^Vr = T\dx + Tx^J, (21) 
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which is a graded derivation of the sheaf Ay satisfying the Leibniz rule 
VAsf) = ir\ds)f + s\/rif), feTiu,AY), seC^iX), 

for any open subset U G X. Therefore, one can think of the sphtting ( PP] ) as being a 
graded connection on the simple graded manifold {X,Ay) [il]- It should be emphasized 
that this notion of a graded connection differs from that of a connection on a graded fibre 
bundle in In particular, every linear connection 

on the vector bundle Y X yields the graded connection 

^ = dx'^®{dx + ix\c'-^). (22) 

For instance, let Y be the Lie algebra bundle VgP in the Yang-Mills theory on a 
G-principal bundle P. Every principal connection A on P —>■ X yields a linear connection 

A = dx^(^ {dx - cl^Al^'^er) 

on VgP X p2| and, consequently, the graded connection on ghosts 



A = dx'®{d,-c;^AlC'^-^), 

where c^^ are the structure constants of the Lie algebra g. 

Let Vy — X be a vector bundle which is the pointwise Ay*-dual of Vy. It is locally 
isomorphic to the vector bundle 



AY*0{pi2VY*®T*X) 

X X 



u 



With respect to the dual bases {dx^} for T*X and {rfc*} for pr2V"*y = Y*, sections of 
the vector bundle Vy take the coordinate form 

= (pxdx'^ + (jyadc"', 

together with transition functions 

They are treated as graded 1-forms on the graded manifold {X,Ay)- 
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The sheaf O^Ay of germs of sections of the vector bundle Vy ^ X is the dual of the 
sheaf dAy, where the duality morphism is given by the interior product 

mJ0 = m^0a + (-1)'^"^m>„. 



k 



Graded fc-forms are defined as sections of the graded exterior bundle A Vy such that 



X 



0A(T = (-l)l^ll'^l+['^l['^laA0, 

where |.| denotes the form degree. The graded exterior differential d of graded functions 
is introduced in accordance with the condition u\df = u{f) for an arbitrary graded vector 
field M, and is extended uniquely graded exterior forms by the rules 

d{(j) ^a) = {d(p) Aa + A (da), dod = 0. 

It takes the coordinate form 

d 

dcj) = dx^ A 9a(0) + dc" A 7— (0), 

where the left derivatives d\, d/dc"" act on coefficients of graded exterior forms by the rule 
(p!9|), and they are graded commutative with the forms dx^, dc"". 

With d, graded exterior forms constitute a graded differential algebra 0*Ay, where 
O^Ay = r{Ay) is the graded commutative ring of graded functions on X. There is a 
monomorphism of differential algebras 0*{X) 0*Ay. Let %*Ay denote the sheaf of 
germs of graded exterior forms on X. Then 0*Ay = r(T*^y). 

If the basis elements c" of the graded manifold (X, Ay) are treated as ghosts of ghost 
number 1, graded exterior forms (p G 0*Ay can also be provided with a ghost number by 
the rule 

gh(cic") = 1, gh{dx^) = 0. 

Then the Grassmann parity [(f)] is equal to gh(0) mod2. Ona also introduces the total 
ghost number gh(0) + \(f)\. 



4 Jets of ghosts 



As was mentioned above, the antibracket and the BRST opreator in the field-antifield 
BRST theory of ^, |Tl| are expressed in terms of jets of ghosts. For example, the BRST 
transformation of gauge potentials a™ in the Yang-Mills theory reads 



sax 
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where are jets of ghosts C" introduced usually in a heuristic way. We will describe 
jets of odd fields as elements of a particular simple graded manifold. 

Let Y X he the characteristic vector bundle of a simple graded manifold {X,Ay)- 
The r-order jet manifold J^Y of Y is also a vector bundle over X. Let us consider the 
simple graded manifold (XjAjry) with the characteristic vector bundle J^Y X. Its 
local basis is {a;'^,c^}, < |A| < r, together with the transition functions 



c'a+a = ^a(p14), (23) 



where 



d 

dx = dx+ E ^A+A^ 



|A|<r 

denotes the graded total derivative. In view of the transition functions (0), one can think 
of {X,AjrY) as being a graded r-order jet manifold of the graded manifold {X,Ay)- It 
should be emphasized that this notion differs from that of a graded jet manifold of a 
graded fibre bundle pl| . 

Let 0*AjrY be the differential algebra of graded exterior forms on the simple graded 
manifold (XjAjry). Being a linear bundle morphism of vector bundles over X, the 
affine bundle 7r^„^ : J^Y — » J^~^Y yields the corresponding morphism of simple graded 
manifolds (X, ^jry) — > (X, ^jr-iy) |22| and the pull-back monomorphism of differential 



algebras 0*Ajr-iY — > 0*AjrY. With the inverse system of jet manifolds (|ID, we have the 
direct system of differential algebras 

0*Ay — > 0*AjiY — 0*AjrY ■ ■ ■ . 

Its direct limit 0*^Ay consists of graded exterior forms on graded jet manifolds (X, Ajry), 
< r, modulo the pull-back identification. It is a locally free C°°(X)-algebra generated 
by the elements 

(1, dx^, 4, ei = del - cl+Adx^), < |A|. 

We have the corresponding decomposition of Ol^Ay into O^^y-modules O'^Ay of k- 
contact and s-horizontal graded forms. Accordingly, the graded exterior differential d on 
the algebra O'^Ay is split into the sum d = dn + dy oi the graded horizontal differential 

dH{4>) = dx^ A dx{(j)), e OMoo, 

and the graded vertical differential dy- 

If the basis elements of the graded manifold (X, Ay) are treated as ghosts of ghost 
number 1, jets of ghosts and the graded exterior forms dd^ are also provided with ghost 
number 1. 
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5 Even fields and antifields 

In order to describe odd and even elements of the physical basis of BRST theory on the 
same footing, let us generalize the notion of a graded manifold to graded commutative 
algebras generated both by odd and even elements 

Let Y = Yq (B Yi he the Whitney sum of vector bundles Yq ^ X and Yi — > X. We 
treat it as a bundle of graded vector spaces with the typical fibre = Vq © Vi. Let us 
consider the quotient of the tensor bundle 

oo k 
k=0 X 

by the elements 

yoy'o-y'oyo, yw'i + y'iyu ym~ym 

for all I/O, Z/o ^ ^0x5 Z/b Z/i ^ ^ixi ^"^^ x E X. This is an infinite-dimensional vector bundle 
which we will denote by /\Y* . Global sections of /\Y* constitute a graded commutative 
algebra Ay{X) which is the product over C°°{X) of the commutative algebra ^o(-^) of 
global sections of the symmetric bundle VFq* ~^ ^ and the graded algebra ^i(X) of 
global sections of the exterior bundle AY* X. 

Let Ay, Aq and Ai be the sheaves of germs of sections of the vector bundles AY*, 
VYq and AY*, respectively. For instance, the pair {X, Ai) is a familiar simple graded ma- 
nifold. For the sake of brevity, we therefore agree to call {X, Ay) the graded commutative 
manifold with the characteristic vector bundle Y. Given a coordinate chart {x^,yQ,yf) of 
Y , the local basis for (X, Ay) is {x^, Cq, c"), where {cq} and {c^} are the fibre bases for the 
vector bundles Yq and Y^ , respectively. Then a straightforward repetition of all the above 
constructions for a simple graded manifold provides us with the differential algebra 0*Aoo 
of graded commutative exterior forms on X. This is a C°°(X)-algebra generated locally 
by the elements (1, 4^^, c"^, (ix^, 6'"^), < |A|. Its C°°(X)-subalgebra 0*Aioo-, gener- 
ated locally by the elements (1, c\i^, dx^, ^ia), is exactly the differential algebra O^^Ayi 
the simple graded manifold (X, ^i). The C°°(X)-subalgebra 0*Aooo of 0*Aoo, generated 
locally by the elements (1, Cq^, dx^, 0^^), < |A|, is isomorphic to the polynomial subalge- 
bra of the differential algebra O*^ of exterior forms on the infinite order jet manifold J°°lo 
of the vector bundle Yq X. This isomorphism is performed by the formal assignment 
2/oA ^ "^oA which is preserved by the transition functions (0) and (|23|). 

In the field-antifield BRST theory, the basis elements Cq^ of the algebra 0*Aoo can 
characterize even elements of the physical basis and their jets, while c"^ describe odd 
elements of the physical basis and their jets. 
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It should be emphasized that, in the jet formulation of the field-antifield BRST theory, 
antifields can be introduced on the same footing as physical fields and ghosts. Let us 
denote physical fields and ghosts by the collective symbol Let E be the characteristic 
vector bundle of the graded commutative manifold generated by Treated as source 
coefficients of BRST transformations, antifields $^ are represented by elements of the 

n 

graded commutative manifold whose structure vector bundle is A T*X E* (cf. the 
geometric treatment of antifields in functional BRST formalism [|T9| , pO|). 

In particular, gauge potentials in the Yang-Mills theory are represented by sections 
of the affine bundle J^P/G X modelled on the vector bundle TX ® VqP. Their 

n 

antifields are the basis elements of the vector bundle A T*X ® T*X VgP- Accordingly, 
the antifields of ghosts in the Yang-Mills theory are the basis elements of the vector 
bundle A T*X ® V^P. 



6 The variational complex in BRST theory 

The differential algebra 0*Aoo gives everything that one needs for a global formulation 
of the Lagrangian field-antifield BRST theory in jet terms. In particular, let us consider 
the short variational complex 

^ M ^ OMoo ^ C°'Uoo ^ ■ ■ • ^ C°'"^oo ^ Im 5 ^ 0, (24) 

where 6 is given by the expression 

6{L) = (-l)l^lr A d^L), L e 0°'Moo, 

with respect to a physical basis {C"}- The variational complex (|2^ ) provides the algebraic 
approach to the antibracket technique, where one can think of elements of O^^'^Aoo as 
being Lagrangians of fields, ghosts and antifields. 

To obtain cohomology of the variational complex (0), one can follow exactly the 
procedure in Section 2. Let us consider the sheaf 1*Aoo of germs of graded commutative 
exterior forms G 0*Aoo and the differential algebra r(T*.4oo) of global sections of this 
sheaf. We have the short variational complex of sheaves 

_ M TMoo ^ X^'Uoo ^ ■ • • ^ T°'Moo ^ Im 5 ^ 0. (25) 



There is the following variant of the algebraic Poincare lemma ||I0|, [1^, |13 
Lemma 5. The complex is exact. 
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Since T°'*^oo are sheaves of C°°(X)-modules, they are fine and acychc. Without 
studying the acychcity of the sheaf Im 6, we can apply a minor modification of the abstract 
de Rham theorem |TB|, ^ to the complex (P^D, and obtain the following. 

Proposition 6. Cohomology of the complex 

^r(iMoo) ^r(T°'Uoo) ^rci°'Moc) ^im^^o (26) 

is isomorphic to the de Rham cohomology of X . 

This cohomology isomorphism is performed by a monomorphism of the de Rham 
complex of exterior forms on X to the complex (^); that leads to the following. 

Corollary 7. Every dn-closed form G r(T°'™'^"^oo) is split into the sum 

(l) = ip + dH^, ^ G r(x°'™-Uoo), (27) 

where ip is a closed m-form on X . Every 6-closed form cf) G r(T°'"^oo) Is split into the 
sum 

4> = ^ + dHi, e e r(T°'"-Uoo), (28) 

where ip is a non-exact n-form on X. 

Turn now to the short variational complex (^If). Its cohomology is equal to that 



of the complex (pG]). The proof of this fact is a repetition of that of Proposition ^ 
where exterior forms on J'^Y are replaced with graded commutative forms on X and, 
accordingly, Lemma |^ and Corollary ^ are quoted. It follows that a graded commutative 
form exterior ^ in the expressions ( pTj) and ( pSj) belongs to the algebra 0*Aoo whenever 
(f) does. 

We also mention the important case of a BRST theory where Lagrangians are inde- 
pendent on coordinates x^. Let us consider the subsheaf 'Z*Aoo of the sheaf 1*Aoc, which 
consists of germs of x-independent graded commutative exterior forms. Then we have the 
sub complex 

^X°^oo ^X°'Uoo ^X°'"^oo ^lm5-^0 (29) 



of the complex (pSj) and the corresponding subcomplex 

-^r(T°^,o) ^r(x°'Uoo) ^r(f°'"^oo) ^im^^o (30) 

of the complex (p6D which consists of x-independent graded commutative exterior forms. 
It is readily observed that these forms are of bounded jet order and T{% '*^oo) C 0^'*Aoo, 
i.e., the complex ( PU] ) is also a subcomplex of the short variational complex 
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The key point is that the complex of sheaves ( pQ] ) fails to be exact. The obstruction 

k — 

to its exactness at the term T^^ is provided by the germs of /c-forms on X with constant 
coefficients 0. Let us denote the sheaf of such germs by Sx- We have the short exact 
sequences of sheaves 

^ Imdn ^ Ker dn ^ Sx ^ 0, < k < n, 
^ Imdn Ker5 S"^ ^ 

and the corresponding sequences of modules of their global sections 

^ Tilmdn) TiKeidH) ^ r(5^) -^0, < A; < n, 
^ T{lmdH) r(Ker5) ^ r(S^) ^ 0, 

which are exact because S'^"' and Sx are subsheaves of M-modules of the sheaves Ker dn 
and Ker 5, respectively. Therefore, the kth cohomology group of the complex (|30|) is 
isomorphic to the R-module T{Sx) of global constant fc-forms, < A; < n, on the manifold 
X. Thus, any (ij^-closed graded commutative fc-form, < A; < n, and any 5-closed 
graded commutative n-form (j) are split into the sum (p = cp + dn^ where ip G r(S'^) and 

e G r(2:0'^-Uoo). 

Thus, we observe that the obstruction to the exactness of the variational complex in 
the field-antifield BRST theory on an arbitrary manifold X lies only in exterior forms 
on X. In particular, it follows that the topological ambiguity of a proper solution of the 
master equation in the Lagrangian BRST theory reduces to exterior forms on X. 
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